超平面配置とトーリック多様体(トーリック多様体の幾何と凸多面体) by 前田, 真美
Title超平面配置とトーリック多様体(トーリック多様体の幾何と凸多面体)
Author(s)前田, 真美
















. , zonotope , $-$









. ( , , (
) ;
. )
934 1996 68-78 68
, ..
.










$N$ , $r$ $\mathrm{Z}$ , $M:=\mathrm{H}\mathrm{o}\mathrm{m}\mathrm{z}(N, \mathrm{z})$ $\mathrm{Z}$ ,
$\langle$ , $)$ : $M\mathrm{x}Narrow \mathrm{Z}$ . $N_{\mathrm{R}}:=N\otimes_{\mathrm{Z}}\mathrm{R},$ $M_{\mathrm{R}}:=M\otimes_{\mathrm{Z}}\mathrm{R}$ , $\mathrm{R}$
.
2.1 $\sigma\in N_{\mathrm{R}}$ , $N$ $n_{1},$ $n_{2},$ $\ldots,$ $n_{s}$
,
$\sigma=.\sum_{1*=}^{s}\mathrm{R}\geq 0^{n_{i}}$
, $\sigma\cap(-\sigma)=0$ . , $\mathrm{R}\geq 0$
.
2.2 $\sigma$ $\sigma^{\vee}\subset M_{\mathrm{R}}$
$\sigma^{\vee}:=\{X\in M_{\mathrm{R}}|\langle x, y\rangle\geq 0, \forall y\in\sigma\}$
.




2.4 $N$ $\triangle$ , $N_{\mathrm{R}}$ ,
.
(i) $\sigma\in\Delta$ , $\sigma$ $\Delta$ .
(i) $\sigma,$ $\sigma’\in\Delta$ , $\sigma\cap\sigma’$ $\sigma$ $\sigma’$ .
25 $N$ $\Delta$ ,
$|\triangle|:=\cup\sigma=\sigma\epsilon\Delta N\mathrm{R}$
.





. , $\Delta(r-1)=$ { $\sigma\in\Delta|$ m $\sigma=r-1$ } .
, $H_{1}\cap H_{2}\cap\ldots\cap H_{s}=\{0\}$ . , $\mathrm{Q}$ $N_{\mathrm{R}}$
$H_{1},$ $H_{2},$
$\ldots$ , $H_{s}$ , $H_{1}\cap H_{2}\cap\ldots\cap H_{s}=\{0\}$
, $N_{\mathrm{R}} \backslash \bigcup_{i=1}^{s}H_{i}$ $\triangle(r)$
$\triangle$ .
2.7 (cf. [O88, $\mathrm{P}\mathrm{P}^{85^{-86])}}$. $\triangle$ , $\Delta$
$X:=T_{N}\mathrm{e}\mathrm{m}\mathrm{b}(\Delta)$ . $fh$ $X$ Cartier
$D_{h}:=- \sum_{\rho(1)}\in\Delta h(n(\rho))V(\rho)$ . , $n(\rho)$ $\rho\cap N$ , $V(\rho)$
$\rho\in\triangle(1)$ $X$ 1 $T_{N}$ .
$h$ . $h_{i}:=-|\langle m_{i}, \rangle|$ $h=h_{1}+h_{2}+\cdots+h_{s}$
. $\Pi_{h:}:=\{m\in M_{\mathrm{R}}|\langle m, n)\geq h(n), \forall n\in N_{\mathrm{R}}\}$ $-m:$ ) $m_{i}$
$[-m:, m:]$ . , $\square _{h}=\square _{h_{1}}+\coprod_{h_{2}}+\cdots$ h, $=[-m_{1}, m_{1}]+[-m_{2}, m_{2}]+\cdots+$
$[-m_{s}, m_{s}]$ (Minkowski ) . ( ) Minkowski
zonotope . $\square _{h}$ $r$ zonotope .
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2.8 $\mathrm{Q}$ $N_{\mathrm{R}}$ $H_{1},$ $H_{2},$ $\ldots,$ $H_{s}$
$H_{1}\cap H_{2}\cap$ . $’$ . $\cap H_{s}=\{0\}$ . $m_{i}\in M$
$H_{i}^{\perp}\cap M$ $\{m_{1}, m_{2}, \ldots, m_{s}\}$ $\mathrm{R}$ $M_{\mathrm{R}}$




2.9 (cf. [M71, p.92]) zonotope $P$ $F$ $f$ :
$F= \sum_{Ii\in\backslash J}\epsilon_{i}m:+j\in\sum_{J}[-m_{jj}, m]$
, $I:=\{1,2, \ldots, S\},$ $J\subset I,$ $\epsilon_{i}\in\{-1,1\}$ . $F$ zonotope .
210 $D_{h}$ . , $D_{h}$




$\mathcal{E}_{s}\in\{1, -1\}$ , $\epsilon_{1}m_{1}+\epsilon_{2}m_{2}+\cdots+\epsilon_{s}m_{s}$
. $m$. , $-m_{1^{-m}2^{-\cdots-m}}s$ .
, $\Delta$ $r$ $\sigma$ ,
$\sigma^{\vee}=\sum_{i=1}\mathrm{R}s\geq 0^{m_{i}}$
. $D_{h}$ , $\square _{h}\cap M+(m1+m2+\cdots+m)s$
, $\sigma^{\vee}\cap M$ (cf. [O88, p.82, Theorem 2.13]).
$\sigma^{\mathrm{V}}\cap M$ , $m_{1},$ $m_{2},$ $\ldots,$ $m_{s}$ ,
$A:= \{m\in M|m=.\cdot\sum_{=1}aim\cdot ;* 0\leq a_{i}\leq 1, 1\leq i\leq s\}$




, $-1\leq a_{i}-1\leq 0$ , $\sum_{*=1}^{s}.(a_{i}-1)m:\in\square _{h}\cap M$ . , $\sigma^{\vee}$
$\square _{h}\cap M+\sum_{i=1}^{s}m$. , $\square _{h}\cap M+\sum_{=1}^{\ovalbox{\tt\small REJECT}}\dot{.}m_{i}$ , $\sigma^{\vee}\cap M$
.
71
2.11 (cf. [B69, P.330, 3. $3.\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}]$ ) $r(\geq 2)$ $P$ ,
.
(i) $P$ zonotope .
(ii) $s$ , $s$ $V:=\oplus_{=1}^{s}.\cdot e^{*}\dot{.}$ $M_{\mathrm{R}}$
, $P$ $s$ $P’:= \sum.s.=1[-e.*., e^{*}i]$ .
(iii) $P$ 2 , .
(iv) $r\geq 3$ , $P$ $(r-1)$ zonotope .
(v) $2\leq j$
.
$\leq r-1$ $j$ , $P$ $j$ zonotope .
2.11 (i) (ii) , .
$\{e_{1}^{*}, e_{2}^{**}, \ldots, e_{s}\}$ $s$
$\mathrm{Z}$ $M’$ . $N’$ $\mathrm{Z}$ ,
$\{e_{1}, e_{2}, \ldots, e_{s}\}$ . $h’$ : $N’arrow \mathrm{Z}$ $N’\ni n’\mapsto-\Sigma_{i=1}^{s}|\langle e_{i}^{*}, n’\rangle|$
. $e^{*}.\cdot\vdasharrow m$. \mbox{\boldmath $\varphi$}* $:$ $M_{\mathrm{R}}’arrow M_{\mathrm{R}}$ . $M_{\mathrm{R}}’$ $s$
$\Pi_{h’}$ $[-e^{*}.\cdot, e_{i}^{*}](1\leq i\leq s)$ Minkowski , $\varphi^{*}(\square _{h’})=\Pi_{h}$ .
$\varphi^{*}$ $M’$ $M$ .
$N \ni n\vdasharrow.\cdot\sum_{=1}^{\iota}\langle mi, n\rangle e.\cdot\in N’$
$\varphi$ : $Narrow N’$ . $\square _{h’}$ $N’$ $\Delta’$ .
2.12 $\tau’$ $N_{\mathrm{R}}’$ , $\tau$ $N_{\mathrm{R}}$ .
$\varphi^{*}$ : $M_{\mathrm{R}}’arrow M_{\mathrm{R}}$ , $\varphi^{*}((T’))=\mathcal{T}^{\vee}$ ,
$\varphi$ : $N_{\mathrm{R}}arrow N_{\mathrm{R}}’$ ,
$\varphi(\tau)=\tau\cap\varphi/(N_{\mathrm{R}})$
.




$\tau\in\Delta$ , $I=\{1,2, \ldots, S\}$ $J$ ,
$J:=\{j|1\leq j\leq s, \tau\subset\{m_{j}\}^{\perp}\}$
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, $i\in I\backslash J$ $\epsilon_{1}\in\{1, -1\}$ $\tau\subset\{\epsilon_{i}m:\}$ ,
$\tau=\{:\in I\sum_{\backslash J}\mathrm{R}\geq 0\epsilon*\cdot m.\cdot+\sum_{\in \mathrm{j}j}\mathrm{R}m_{j}\}^{\vee}$
. , $\tau\in\triangle(k)$ , $\Pi_{h}$ $(r-k)$
$F=- \sum_{:\in I\backslash J}\epsilon:m:+j\in\sum_{J}[-m_{j,j}m]$
, $F^{\uparrow}$ ,
$\tau=F^{\mathrm{t}}=\{\mathcal{E}:.m:, \pm m_{j}, i\in I\backslash J, j\in J\}^{\vee}=\{\sum_{:\epsilon I\backslash j}\mathrm{R}\geq 0\epsilon_{i}m:+\sum_{Jj\in}\mathrm{R}mj\}^{\vee}$
.
$\tau’:=\Sigma_{i\in I1J}\mathrm{R}\geq 0\epsilon*ie\in\Delta’$ , $( \tau’)^{\mathrm{v}}=\sum:\in I\backslash j\mathrm{R}\geq 0^{\epsilon}:e^{*}|$. $+ \sum_{j\in J}\mathrm{R}e_{j}^{*}$ ,
$\varphi^{*}((\tau’)^{\mathrm{v}})=\tau^{\vee}$ . 2.12 , $\varphi(\tau)=\tau^{J_{\cap}}\varphi(N\mathrm{R})$
$\{\varphi(\sigma)|\sigma\in\Delta\}=\{\sigma’\cap\varphi(N\mathrm{R})|\sigma’’\in\Delta\}$
.
2.14 $N$ $\Delta$ , .
(i) $\Delta$ .
(ii) $s$ , $s$ $\mathrm{Z}$ $N’:=\oplus_{=1}^{s}\dot{.}\mathrm{Z}e_{i}$ , $s$
$\Delta’:=\prod_{i}\ovalbox{\tt\small REJECT}\{=1\mathrm{R}\geq 0^{e}:, -\mathrm{R}\geq 0e., \{0\}\}$ ,
$\varphi$ : $(N, \triangle)arrow(N’, \Delta’)$ ,
$\{\varphi(\sigma)|\sigma\in\Delta\}=\{\sigma\cap\varphi(\prime N\mathrm{R})|\sigma’’\in\Delta\}$
.
(iii) $r\geq 3$ , $\tau\in\triangle(r-1)$ , 2
$\overline{\Delta}(\tau):=\{(\sigma+\mathrm{R}\mathcal{T})/\mathrm{R}\tau ; \sigma\in\triangle, \sigma\succ\tau\}$
. , $\overline{\sigma}\in\overline{\triangle}(\tau)$ , $-\overline{\sigma}\in\overline{\triangle}(\tau)$ .
(iV) $2\leq j\leq r$ $j$ , $\tau\in\Delta(r-j)$ , $\overline{\Delta}(\tau)$
.
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2.15 $\Delta$ , 2.12 .
$\varphi$ : $(N, \triangle)arrow(N’, \Delta’)$ ,
$\varphi_{*}$ : $Xarrow X’:=T_{N’}\mathrm{e}\mathrm{m}\mathrm{b}(\Delta/)$
. $\varphi_{*}$ $\sigma\in\triangle(r)$ $\epsilon_{i}\in$
$\{1, -1\},$ $1\leq i\leq s$ $\sigma^{\vee}=\Sigma_{=}^{s}.\cdot 1\mathrm{R}\geq 0\epsilon.m_{i}$ ,
$\sigma^{\mathrm{V}}\cap M=.\cdot\sum_{=1}\mathrm{Z}\geq 0\epsilon imi$
.
[O88, pp.82-83] , $\varphi_{*}$ , $\sigma\in$
$\Delta(r)$ , $\varphi(\sigma)\subset\sigma’$ $\sigma’\in\triangle’$ , $\varphi^{*}((\sigma)’\vee\cap M’)=\sigma^{\vee}\cap M$
. $\sigma^{}=\sum_{1}^{s}.=1\mathrm{R}\geq 0\epsilon_{i:}m$ , $\sigma’:=\sum^{s}.\cdot=1\mathrm{R}\geq 0\epsilon iei\in\Delta’(s)$ $(\sigma’)^{\mathrm{v}}=$
$\Sigma_{i=1}^{s}\mathrm{R}\geq 0\mathcal{E}ie^{*}*\cdot$ , $\varphi^{*}((\sigma’)^{\mathrm{v}})=\sigma\forall$ $\varphi(\sigma)\subset\sigma’$ . ,
$\varphi^{*}((\sigma’)\mathrm{y}\cap M’)=.\sum_{1=1}^{l}\mathrm{z}_{\geq 0:}\epsilon m_{*}$ .
. 1
2.16 $\varphi^{*}(\square ’\cap M’)=\square \cap M$ , $\varphi_{*}$ .
$\sigma\in\triangle(r)$ , $\epsilon:\in\{1, -1\}(1\leq i\leq s)$ $\sigma^{\vee}=$
$\Sigma_{i=1\geq:}^{s}\mathrm{R}\mathrm{o}\xi im$ . $\varphi^{*}(\square ’\cap M’)=\square \cap M$ $\varphi^{*}(\square ’\cap M’-\Sigma_{i=1}^{s}\epsilon ie_{i}^{*})=$
$M- \sum_{i1}^{s}=\mathcal{E}:m$. . 2.10 , $\square \cap M-\sum_{=}^{s}\dot{.}1\epsilon\dot{.}m$ :
$\sigma^{\vee}\cap M$ . , $\varphi^{*}((\sigma’)^{\forall}\cap M’)=\sigma^{\mathrm{v}}\cap M$ .
2.17 $X$ , $\varphi_{*}$ .
$\sigma\in\Delta(r)$ , $\epsilon_{1}\in\{1, -1\}$ $\sigma^{}=\sum^{s}i=1\mathrm{R}\geq 0\epsilon:m_{i}$
. $X$ , $\epsilon_{1}m_{1},$ $\ldots,$ $\epsilon_{ss}m$ $\sigma^{\vee}\cap M$ . ,
$\sigma^{\vee}\cap M=\sum_{*=1\geq 0:}\ovalbox{\tt\small REJECT}.\mathrm{z}\epsilon\cdot m*$ . 2.15 , $\varphi_{*}$ .
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3 quiver
, quiver 2 ,
, quiver .
3.1 quiver , , , .
$I$ , $J$ $\Gamma=\{I, J\}$ , $J$ ,
, .
$\Gamma$ , $C.(\Gamma, \mathrm{Z})$ : $C_{0}(\Gamma, \mathrm{Z})=\oplus_{i\in I}\mathrm{Z}v_{i},$ $C_{1}(\Gamma, \mathrm{z})=$
$\oplus_{j\in J}\mathrm{Z}e_{j}$ , $\partial$ : $C_{1}(\Gamma, \mathrm{Z})arrow C_{0}(\mathrm{r}, \mathrm{Z})$ , $i\in J$ $i$ , $i’$
$\partial e_{j}=v$:– .
$c_{0}(\mathrm{r}, \mathrm{Z}),$ $c_{1}(\Gamma, \mathrm{z})$ $\mathrm{Z}$ $c_{0}(\Gamma, \mathrm{Z})$ $\langle, \rangle$ $C_{1}$ (F. Z)
$(, )$ .
$\mathrm{t}v_{i},$ $v_{\dot{|}}’\rangle=\delta i:’,$ $(e_{j}, e_{j}’)=\delta_{jj’}$
, $C.(\Gamma, \mathrm{Z})$ $C^{\cdot}(\Gamma, \mathrm{Z})$ $-$ .
$\delta$ : $C^{0}(\Gamma, \mathrm{Z})arrow C^{1}(\Gamma, \mathrm{Z})$ .




$C^{1}(\Gamma, \mathrm{Z})$ $\supset$ $\delta C^{0}(\Gamma, \mathrm{z})$
$arrow\delta$
$C^{0}(\Gamma, \mathrm{z})$
$\uparrow l(, )$ $\uparrow l\langle, \rangle$
$H_{1}(\Gamma, \mathrm{Z})$ $\subset$ $C_{1}(\Gamma, \mathrm{Z})$
$arrow\partial$
$\partial C_{1}(\Gamma, \mathrm{Z})$ $\subset$ $C_{0}(\Gamma, \mathrm{z})$
$(, )$ $H_{1}(\mathrm{r}, \mathrm{z})$ , $H^{1}(\Gamma, \mathrm{Z})$
. , $(, )$ : $H^{1}(\Gamma, \mathrm{z})\cross H_{1}(\Gamma, \mathrm{z})arrow \mathrm{Z}$ .
$H^{1}(\Gamma, \mathrm{z})$ $H_{1}(\Gamma, \mathrm{z})$ $\mathrm{Z}$ . ,
$\langle, \rangle$ : $\partial C_{1}(\Gamma, \mathrm{z})\mathrm{x}C^{0}(\mathrm{r}, \mathrm{Z})/H^{0}(\Gamma, \mathrm{Z})arrow \mathrm{Z}$ , $C^{0}(\Gamma, \mathrm{Z})/H^{0}(\Gamma, \mathrm{Z})$ $\partial C_{1}(\Gamma, \mathrm{Z})$
$\mathrm{Z}$ . $\partial C_{1}(\mathrm{r}, \mathrm{Z})$ $\delta C^{0}(\Gamma, \mathrm{Z})$ .
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$H^{1}(\Gamma, \mathrm{R})=C^{1}(\Gamma, \mathrm{R})/\delta C^{0}(\Gamma, \mathrm{R})$ zonotope $\square$ $\partial C_{1}(\Gamma, \mathrm{R})$ zonotope $\square ^{/}$
$= \sum_{j\in J}[-\rho ej, \rho ej],$ $\coprod’=\sum_{j\in J}[-\partial e_{jj}, \partial e]$
. , $[-e, e]=\{te|-1\leq t\leq 1\}$ .
$H_{1}(\Gamma, \mathrm{R})$ $\triangle,$ $\square ’$
$C^{0}(\Gamma, \mathrm{R})/H^{0}(\Gamma, \mathrm{R})$ $\triangle^{J}$ . $\triangle$
$X,$ $\triangle’$ $X’$ .
32 $(H^{1}(\mathrm{r}, \mathrm{R}),$ $\{\pm\rho e_{j}|j\in J\})$ $(\partial C_{1}(\mathrm{r}, \mathrm{R}),$ $\{\pm\partial e_{j}|j\in J\})$ Gale
. , $\square$ $\square ’$ zonal transform . , $\Gamma$
$c$ $\dim\square =|J|-|I|+c,$ $\dim\Pi’=|I|-c$ .
33 (i) $\gamma\in H_{1}(\Gamma, \mathrm{z})$ cycle , $j\in J$ $(\gamma, e_{j})\in\{0, \pm 1\}$
. $0$ cycle $\gamma$ circuit , $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}(\gamma_{1})\mathrm{n}\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\gamma 2)=\emptyset$
$0$ cycle $\gamma_{1},$ $\gamma_{2}$ $\gamma=\gamma_{1}+\gamma_{2}$ .
; $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\gamma)=\{j\in J|(\gamma, e_{j})\neq 0\}$ .
(ii) $\omega\in\delta C^{0}(\Gamma, \mathrm{Z})$ cocycle , $j\in J$ $(\omega, e_{j})\in\{0, \pm 1\}$
. $0$ cocycle $\omega$ cocircuit , $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}(\omega_{1})\cap \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{P}(\omega_{2})=\emptyset$
$0$ cocycle $\omega_{1},$ $\omega_{2}$ $\omega=\omega_{1}+\omega_{2}$ .
, $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\omega)=\{j\in J|(\omega, e_{j})\neq 0\}$ .
3.4 tree , cycle quiver . {I, $T$} $\Gamma$ spanning
tree , $\Gamma=\{I, J\}$ , $T\subset J$ , tree
. $\Gamma$ , $\Gamma$ $\Gamma$ spanning tree
$\Gamma$ spanning forest .
{I, $T$} spanning forest . $H_{1}(\Gamma, \mathrm{z})$ $\mathrm{Z}$ $\{\gamma\tau i ; j\in J\}$ $\delta C^{0}(\gamma, \mathrm{Z})$
$\mathrm{Z}$ $\{\omega_{T,t} ; j\in J\}$ (cf. [OS79, $\mathrm{p}\mathrm{p}.21^{-}221$ ) : $j\in J\backslash T$ , $\Gamma$
spanning subquiver $\Gamma’=\{I, T\cup\{j\}\}$ $H_{1}(\Gamma’, \mathrm{Z})=1$ $(\gamma_{T,j}, e_{j})=1$
circuit 1 . , $t\in T$ $\Gamma$ spanning subquiver {I, $T\backslash \{t\}$ } , {I, $T$}
1 2 . $I_{t}\subset I$ , , $t$
. $\omega_{T,t}=\delta(\sum_{i\epsilon I_{t}}vi)$ .
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3.5 (cf. [OS79, p.24, Proposition 5.2])
$=$ { $x\in H^{1}(\Gamma,$ $\mathrm{R})|(x,$ $\gamma)\leq(\gamma,$ $\gamma),$ $\forall\gamma$ :circufit}
. , circuit $\gamma$ ,
$H_{\gamma}:=\{x\in H^{1}(\Gamma, \mathrm{R})|(x, \gamma)=(\gamma, \gamma)\}$
.




$H_{d}’‘:=\{y\in\partial c1(\Gamma, \mathrm{R})|\langle y, \omega\rangle=\langle\omega, \omega\rangle\}$
$\coprod’$ .
35 , $\square$ facet( 1 ) , $\Gamma$ circuit 1 1 .
, $\Delta$ 1 , $\Gamma$ circuit 1 1 .
, $\triangle$ chamber( ) , quiver $\Gamma$ .
$\Gamma$ reorientation . $j$ $=1$ , $j$
$\epsilon_{j}=-1$ , reorientation $\Gamma(\epsilon_{j})_{j\epsilon}J$ . , $\Gamma(\epsilon_{j})_{j\in J}$
$\Sigma_{j\in j}\epsilon j\rho ej\in$ . circuit $\gamma$ , $\gamma$ $\Gamma(\epsilon_{j})_{j\epsilon J}$
, $\gamma$ $\square$ facet $\Sigma_{j\in J}\epsilon_{j}\rho e_{j}$ . , $\Gamma(\epsilon_{j})_{j\epsilon J}$
$\sum_{j\in J}\epsilon_{\mathrm{j}}\partial e_{\mathrm{j}}\in\square ’$ . cocircuit $\omega$ $\Gamma(\epsilon_{j})_{j\epsilon J}$ , $\omega$
’ facet $\Sigma_{j\in Jjj}\mathcal{E}\partial e$ . .
36 $( \sum_{j\in J}\mathrm{R}\geq 0\epsilon_{j\rho}e_{j})\mathrm{v}$ $\Delta$ chamber , $\Gamma(\epsilon_{j})_{jJ}\in$
circuit $H^{1}(\Gamma, \mathrm{R})$ . $(\Sigma_{j\epsilon J}\mathrm{R}\geq 0\epsilon j\partial e_{j})\mathrm{v}$ $\triangle’$
chamber , $\Gamma(\epsilon_{j})_{jJ}\in$ cocircuit $\partial C_{1}(\mathrm{r}, \mathrm{R})$
.
, zonal transform .
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38 (cf. $[\mathrm{O}\mathrm{T}92,$ $\mathrm{P}.57$ , Lemma 293]) $\epsilon_{j}\in\{1, -1\}(j\in J)$ , $( \sum_{j\in J}\mathrm{R}\geq 0^{\epsilon}j\partial ej)^{}$
$\triangle^{J}$ chamber , $\Gamma(\epsilon_{j})_{j\in J}$ acyclic orientation
.
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